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SOME CAUCHY-BUNYAKOVSKY-SCHWARZ TYPE 
INEQUALITIES FOR SEQUENCES OF OPERATORS IN 
HILBERT SPACES 

SEVER S. DRAGOMIR 



Abstract. Some inequalities of Cauchy-Bunyakovsky-Schwarz type for se- 
quences of bounded linear operators in Hilbert spaces and some applications 
are given. 



1. Introduction 



(i.i) £>i 9 I>^ E^O E^a* 



Let (H; (•, •)) be a real or complex Hilbert space and B (H) the Banach algebra 
of all bounded linear operators that map H into H. 

We recall that a self-adjoint operator A £ B (H) is positive in B (H) iff (Ax, x) > 
for any x £ H. The binary relation A > B \S A — B is & positive self-adjoint 
operator, is an order relation on B (H) . We remark that for any A £ B (H) the 
' operators U := AA* and V :— A* A are positive self adjoint operators on H and 

iit/n = mi = iL4f. 

In pQ, the author has proved the following inequality of Cauchy-Bunyakovsky- 
\^ • Schwarz type in the order of B (H) . 

^ ; Theorem 1. Let Ai, . . . , A n £ B (H) and z\, . . . , z n £ K (R, C) . Then the follow- 

, ing inequality holds: 

?3 ' *=1 *=1 \i=l / \i=l 

Proof. For the sake of completeness, we give here a simple proof of this inequality. 
For any i, j £ {1, . . . , n} one has in the order of B (H) : 

(zlAj - zjAi) (ziAj - zjA t )* > 0, 

that is, 

(ziAj ~ zjAi) (ziAj - ZjAf) > 0, 

from where results 

(1.2) \z t \ 2 AjA* + \z.j\ 2 AiA* > zlZjAjA* + zJz^A* 

for any i. j £ {1, . . . , n} . 

If we sum (ll.2fl over i from 1 to n we deduce 
(1-3) n 

[J2 kN ^A* + \zA 2 (f>A* ) > \Y>AX ) + f^VU zjA*, 
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for any j € {1, . . . , n} . 

If we sum (11.311 over j from 1 to n, we deduce 



(1.4) 5>| 2 5>,A*+5>/ [J2AiA* 



> E z :i A :> E + E z ^ E^- 1 ; • 



that is, 



(i.5) en 2 E a ^^E z ^E^= E z ^* E z ^ 

fe=i fe=i fc=i fe=i Vfe=i / Vfe=i / 

and the theorem is proved. | 

The following version of the Cauchy-Bunyakovsky-Schwarz inequality for norms 
also holds 0. 

Corollary 1. With the assumptions in Theorem^ one has 



En 

k=l 



E^ 



fc=i 



> 



k=l 



(1.6) 

Proof. The operators: 

n n / n \/ n \ * 

fc=l fc=l \fc=l / \fc=l / 

are obviously self-adjoint, positive and by Ql.lfl . A > B > 0. Thus ||A|| > ||i3|| and 
since, 



Zk\ 



k=l 



fc=i 



and 



the corollary is proved. 



\B\ 



E Zfcj4fe 



fc=i 



For other related results, see [2|. 

The main aim of this paper is to point out other inequalities similar to (|1 . f>|) . 



2. Norm Inequalities 



The following result holds. 
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Theorem 2. Let ai,...,a n G K and A%,...,A n G B (H) . Then one has the 
inequalities: 



(2.1) 



max |ai| 2 E \\Ai\\ 2 



i=l,n i=l 



< < 



E k 

i=l 



2p 



E ll^l 



2q 



if p > i. ? + 1 = i; 



E M maxll^H 2 

k i=l t=l,n 

max |<x,-|} £ ll^i 

l<l^3<n l<i#j<« 



+ < 



EW - EK 

i=l / \i=l 

r > 1, i + 1 



r s 
2 



1; 



E \ a i 

i=l 



E K 

i=l 



E 11^*1 



max L4jAJ 

l<i#J<n 11 ^ 1 



where \2.1\) should be seen as all the 9 possible configurations. 



Proof. We have 



(2.2) o < hr ai A £; a * A > = E a ^ E ^ 



\i=l 
n n 



= E E = E i a < i 2 A * A > + E n << T ~- , < 1 .; ■ 

i—l j — 1 i—l l<i^j<n 



Taking the norm in (|2.2|l and observing that \\UU* 
one has the inequality 



for any U G S (iJ) , 



(2.3) 



<j2\»i\ 2 \\AiA*\\+ Yl wk-HM 



EnW + E 



ai| |aj| 
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Using Holder's inequality, we may write that: 



max |q a | 2 E HA 

i—l,n l<i^j<n 



(2.4) ^l^l 2 !!^!! 2 < 



E l« i l 2p 



i=l 



EIIAf 9 ) ifp>l, 



i + i 

P 9 



E |ci!j| max 1 1 ^1 1 
t i=l i=l, n 



Also, Holder's inequality for double sums produces 
(2.5) 



E KIK-|||AA*|| < < 

l<z^j<n 



max {|oti||aj|} E ||AA* 

l<W<n l<&j<n 



E KfK-r 



E ||A^* 



l<i#j<n 



1; 



\i<^i<™ 
if r > 1, ■ 

E |aj| max M^*!! , 

max {laiHaJ} E ||AA*| 



E kf 

if r > 1, 1 1 1 



r s 
2 



- ( E N 

i=i 

1; 



EH - El« 



E II A a* 



max A- A? 



Using Ij2.3[l and H2.4[) . (|2.5j) one deduces the desired inequality (|2.1|l . | 

The following corollaries are natural consequences. 
Corollary 2. M^ii/i i/ie assumptions of Theorem\^ one has the inequality 



(2.6) 



E &iA 



< max |c*i| \\AiA* 



i=l, n 



v'ii=l 



Proof. Follows by the first line in (|2.1(l on taking into account that 



and 



max {\cti \ \ctj\} < max \aj\ , 

l<i#J<" i=l, n 



E HE ii 2 + E 
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Corollary 3. With the assumptions in Theorem^ one has the inequality: 



(2.7) 



n 



E 



\ > n, 

vi=l 



,2p 



E 11* 



,2q 



(n-l)[ E ||^*| 

,l<i^j<n 



where p > 1, - + - = 1. 

Proof. Using the Cauchy-Bunyakovsky-Schwarz inequality for positive numbers 



E a - n E ° 2 



we may write that 



,2p 



(«-!)El ai 



2,, 



Now, using the second line in l|2.1[l for r = p, s = q, we deduce the desired result 
(in . | 

Corollary 4. M^it/i i/ie assumptions in Theorem\^ one has the inequality 



(2- 



max ||^ || 2 + (n- 1) max Ai/L- 

i=l,n l<j#i<™ 



Proof. Follows by the third line of (|2.1() on taking into account that 



Eh -E 



<(»-i)Ei 



i=l 



Another interesting particular case is embodied in the following corollary as well. 
Corollary 5. With the assumptions in Theorem^ one has the inequality 

2 

E IM 

1< i^j <n 



(2.9) 



max \\Ai 

i— l,n 



Proof. It is obvious that 



Eh 2 -Ei 



i=l 



< 



Eh 



Thus, combining the third line in the first bracket in (|2.1() with the second line for 
r = s = 2 in the second bracket, the inequality l|2.9[) is obtained. | 
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Remark 1. If one is interested in obtaining bounds in terms of E^-i \cti\ 2 , there 
are other possibilities as shown below. Obviously, since 



max {\cxi\ \<Xj\} < max \cti\ 2 < E] 

l<i^j<n i—l,n 



then, by 12. in choosing the third line in the first bracket with the first line in the 
second bracket, one would obtain 



(2.10) 

Also, it is evident that 



n 


2 




<Eh 2 


i=l 


»=i 



max \\Ai 

i—l.n 



E \\ a ^j 

l<iy^j<n 



Ei 



Ei 



< 



Ei 



By the monotonicity of the power mean E"=i a i") ™ as a function of m £ K, we 
have 

i 

2 \ 2 



En i r 
i=l \ a *\ 



< 



e? =1 



1 < r < 2, 



giving 



EMI <n*- X Y. 



Thus, using the third line in the first bracket of $2.1\) combined with the second line 
in the second bracket for 1 < r < 2 , - + - = 1, we deduce 



(2.11) 



E"^ 



n 



E 



< > |n, 

i=l 



max 1 1 

i= l.n 



E 11^*5 

. l<i^j<n 



Note that for r = s = 2, we recapture \2.y\) . 

The following particular result also holds. 

Proposition 1. Lei ai, ...,a„Gl and Ai, . . . , A n e £? (JJ) with the property that 
AiA* — for any i ^ j, i,j G {1, . .. ,n}. TTien one Aas <Ae inequality; 



(2.12) 



E a ^« 



max |a,| £ 



< { 



Ek 



i2p 



,2<j 



if P>1, - + - = 1; 



J] |aj| 2 I max 



If by M (a, A) we denote any of the bounds provided by (|2~T|) . (|2~^|l . lt2~7l) . l|2~S)l . 
(|2.9(l . I|2.1()(l or l|2.11(l . then we may state the following proposition as well. 
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Proposition 2. Under the assumptions of Theorem^ we have: 
(i) For any x G H 

2 



(2.13) 

(ii) For any x,y G H. 



(.=1 



(2.14) 



i=l 



< ||*|| 2 M(a,A). 



< ||*|| 2 ||y|| 2 M(a,A). 



Proof. (i) Obviously, 

n 
i=l 

(ii) We have 

n 

^2ai (AiX,y) 



^ CKjAj (a 



< M (a, A) \\x\ 



< 



Mr 



which, by (i), gives the desired result Q2.14|) . 



3. Inequalities for Vectors in Hilbert Spaces 
We consider the non zero vectors y\ ,y n G H. Define the operators 



Ai : H — > H, AiX = 



llw 



Since 



(3.1) Pill = SU P 11^11= sup \{x,yi)\ 

\\x\\ = l 11x11 = 1 



then Ai are bounded linear operators in H. Also, since 



Ui, ie{l,...,n}. 

i G {1, . . . ,n} 



(3.2) {A lX ,x) 
and 



(z, Vi ) v% \ _ \{x,y%)Y 

hi 



-,x 



\Vi\ 



> 0, xeH, ie{l,...,n} 



(A x z) = I i^lM^ ^ - 



Ibill / INI 

(■Z) 2/« \ _ f») 2/0 ( x > Vi) (Vh z ) 



{X > AiZ) -[ X > \\ yi \\ J lly.ll || tt 

giving 

(3.3) (A4X, z) — (x, Aiz) , x, z € H, i G {1, . . . , n} , 

we may conclude that Aj (i = 1, . . . , n) are positive self-adjoint operators on H. 
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Since, for any x S H, one has 



\\(A i Aj)(x)\\ = \\(A i )(A j x)\\ 
_ \(x,Vj)\ 



A 



\\AiVjW 



11% II J 
\{x,yj)\ I {yj, Vi)\ hi II 



Hi/ill " * JU fell 

\(x,Vj)\ \{Vj,Vi)\ 



Win 



i,j e {l,...,n}, 



we deduce that 

(3.4) |PMi||= sup 1(^^)11(^^)1 =1(^^)1; i>jG {!,...,„}. 

H|=l \w\\ 

If is an orthogonal family on if, then ||Ai|| = 1 and AiAj — for i,j £ 

{1, ...,n}, « ^j. 

The following inequality for vectors holds. 

Theorem 3. Let x, y\, . . . , y n £ H and a ni . . . , a n G K. T/ien one has the inequal- 
ities: 



(3.5) 



(£,%) 



-% 







max 


kl 2 E 






(e 


M 2p )" 


\i=l 





E 11% 

i=l 



|2g 



X] |cti| 2 max "- 

i=l i=l,n 



max E l(%,%)| 



kr x < 



i=l 



E K 

i=l 



2r 



E l(yi>%)r 

,l<i^j<n 



j/ r >l, i + i = l; 

n \ 2 n 

Ekl -El" 

!=1 / 1=1 



, max \(yi,yj)\- 



Proof. Follows by Theorem and Proposition (i) on choosing Ai = V^v yi and 
taking into account that \\Ai\\ - 



\ AiA *j\\ = \(y^yj)\ ' hi e {i, ■■■,«} ■ 



We omit the details. 
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Using Corollaries EHSl and Remark ^ we ma Y state the following particular 
inequalities: 



(3.6) 



■A (x, yi ) 



< \\x\\ max \oa\ \{Vi>Vi)\ 



(3.7) 



(aj,l/t) 



< INI 



El 



,2p 



where p > 1, - + - = 1; 



(3.8) 



<!NI 2 El 



,2q 



(« - 1 ) | E 

.l<i^3<" 



max||^|j +(n-l) max 

»=l,n 1<«^J<« 



(3.9) 



i=i 



< w 2 E^ 



max llj/i 

z— l.n 



E i(y«'W)r 



(3.10) 



j-[ Hull 



<ni 2 Z> 



max||yi|| 2 + V 1(^,^)1 



(3.11) 



<imi 2 Ei 



where 1 < r < 2, ± + ± = 1. 

Remark 2. TTie choice a% 
bounds for 



We omit the details. 



max llyJI 2 + n* 1 



E i(^>%)P 

l<i^j<n 



(i = 1, .. .,n) wiH produce some interesting 



E ( x '^)y« 
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